Wong's equations for the finite-dimensional dynamical system representing the motion of a scalar particle on a compact Riemannian manifold with a given free isometric smooth action of a compact semi-simple Lie group are derived. The equations obtained are written in terms of dependent coordinates which are typically used in an implicit description of the local dynamics given on the orbit space of the principal fiber bundle. Using these equations, we obtain Wong's equations in a pure Yang-Mills gauge theory with Coulomb gauge fixing. This result is based on the existing analogy between the reduction procedures performed in a finite-dimensional dynamical system and the reduction procedure in Yang-Mills gauge fields.
Introduction
In his paper [1] , S. K. Wong suggested equations for the phenomenological description of strong interactions. His idea was to present this interaction through the classical motion of some spinless colour particles. In the same cited paper (see also [2] ), the equations of motion were derived by taking the classical limit of the quantum mechanical Yang-Mills equations. A new approach has provided an alternative method of studying the behavior at short distances in QCD theory. (As an example of such an approach we refer to [3] [4] [5] [6] .)
On the other hand Kerner [7] obtained Wong's equation for a particle in an external field using a geometrical approach, that was not based on the quantum Yang-Mills theory. In this article the existence of a principal fiber bundle over the Riemannian space-time manifold was postulated. In addition, it was assumed that there was an arbitrary connection one-form in this bundle. Also, the standard bi-invariant metric on a group was used as a metric on each orbit of the bundle. By making use of these data, Kerner was able to define a special KaluzaKlein metric on a total space of the principal fiber bundle. The geodesic equation for this invariant metric is exactly the equation obtained by Wong.
Later Montgomery discovered [8, 9] , that in classical mechanics, Wong's equations are related to the dynamical systems with symmetry. He showed that in order to to derive the equations, it is necessary to consider the reduction problem in these systems. Such as, in the cotangent bundle reduction problem, Wong's equations were obtained by extracting the horizontal part of ( ω), where ω is a connection one-form which characterise the dynamical system [10] .
In Marsden-Weinstein reduction theory, there exists another way to derive Wong's equation from the fact that they are the horizontal and vertical parts of the geodesic equation written for the Kaluza-Klein metric [11, 12] . But in reduction theory, unlike in [7] , the Kaluza-Klein metric is initially not predetermined. The metric is deduced from the original Hamiltonian of the dynamical system with a symmetry, as described below.
In case of reduction, the kinetic term of the Hamiltonian defines the Riemannian metric of the original manifoldthe configuration space of the dynamical system. Owing to the symmetry, the motion of a particle, given on the original manifold, can be viewed locally as occuring on the manifold which is a total space of the principal fiber bundle. By making use of a local coordinate transformation, one can transform a Riemannian metric of the original manifold into the Kaluza-Klein metric. The gauge potential (the connection one-form) of the resulting metric is not an arbitrary one, as in the geometrical approach of Kerner, but rather is expressed in terms of orbit metric given over the base point and the components of the Killing's vectors. Since the orbit metric is also defined in the reduction process, this naturally emergent connection 1 , as well as the field strength, has therefore an intrinsic origin. Thus, to describe the motion on the total space of the principal fiber bundle and on the reduced space (that is, on the orbit space of the principal fiber bundle), we must take into account an additional force related to the field strength of the mechanical connection. The obtained horizontal Wong's equation is similar to the equation for the motion of the particle in the background of the gravitational field and the particular Yang-Mills field. The gravitational field is defined by the metric of the orbit space.
We note that reduction theory deals not only with the traditional classical mechanics of particles, but at present, it is used in field theories, fluid mechanics, gravity, etc. [12] .
Our goal is to derive Wong's equations for a pure YangMills theory, for an infinite-dimensional dynamical system with gauge degrees of freedom, remaining within the framework of the reduction theory. In this theory, a description of a local dynamics can only be done in an implicit way. "True motion" of the system on the gauge orbit space can be studied by considering the evolution of the corresponding dynamical system given on the gauge surface. Since this surface is determined by the gauge conditions, dependent variables are employed to describe the evolution.
An appropriate method of describing the reduced motion of the finite-dimensional dynamical systems was previously developed in our papers [13] [14] [15] [16] . Herein we considered the motion of the scalar particle on the compact Riemannian manifold for which an isometric smooth action of the semi-simple compact Lie group was given. It was assumed that this action is free and proper. As in gauge theories, the reduced evolution in this system is defined on the orbit space of a group action.
The first part of our paper will be devoted to derivation of Wong's equations for our finite-dimensional dynamical system. The resulting equations, in addition to the fact that they are interesting in themselves, bearing in mind their use in dynamic systems described in the dependent coordinates, will help us to avoid the long calculations in the infinite-dimensional case.
In the second part of the paper, after a short reviewing of the reduction problem in a pure Yang-Mills theory for which the reduced surface is given by means of the Coulomb gauge condition, we obtain Wong's equations for Yang-Mills gauge theory. This is done by using our Wong's equations for the finite-dimensional system, since there exists the direct analogy between the procedures of reduction in both cases. In turn, this analogy follows from the resemblance of the geometries of our dynamical systems with respect to the reduction procedure.
It is worth noting here that, of course, one could derive the equation without referring to the finite-dimensional dynamical system and obtain the same final result. It would however be very difficult to determine the geometric origin and the physical meaning of the individual terms in the obtained equation.
In the last section we discuss some questions that must be addressed in future studies. Details of the derivation of Wongs's equations are considered in Appendix.
Definitions
In this section we introduce the notations from our papers [13] [14] [15] [16] , where the motion of the scalar particle on a compact manifold was studied. A free isometric smooth action 2 of a semi-simple compact Lie group on this manifold leads to the fiber bundle picture with as the total space of this principal fiber bundle π : → / = .
To perform the reduction procedure we must first replace the original coordinates Q A , given on a local chart of the manifold , by new coordinates (Q * A α ) (A = 2 We consider the right action. 
where K µ are the Killing vector fields for the Riemannian metric The pseudoinverse matrixG (Q * ) to the matrix (1), i.e. such a matrix for which
is given by
has the following properties:
The matrix¯ 
Wong's equations
Wong's equations can be derived from the geodesic equations written in a special coordinate basis. Thus the previous coordinate basis (
given on needs to be changed to a new nonholonomic basis which was introduced in paper [17] . It generalizes the horizontal lift basis considered in [18, 19] . This basis consists of the horizontal vector fields H A and the left-invariant vector fields
where the γ αβ are the structure constants of the group . The horizontal vector fields H A are given as follows In other words, the previous commutation relations represent the commutation relations of the nonholonomic basis:
with the structure constants
and
In our basis, L α commutes with H A :
And the metric (1) has the following representation:
The "horizontal metric" G H is defined by the projection operator Π and can be written aš 3 The terms of the form ∂ G denote the corresponding directional derivatives.
we calculated (in [17] ) the Christoffel symbolsΓ in the nonholonomic basis (H A L α ):
In these formulae, the covariant derivatives are given as follows 
Here, by the derivatives we mean the following:
∂Q D | Q=Q * . The geodesic equation in the Riemannian manifold can be written as ˙ +Γ ˙ ˙ = 0
In our horizontal lift basis, we first decompose the tangent vector˙ into the horizontal and vertical components:
Because of the orthogonality of our basis, we obtain the system of two equations: The equation (4) is similar to the corresponding equation obtained in [20] for the -body problem in mechanics. In these systems, the equations are obtained by means of separating the rotations from internal motions, i.e. they are obtained as a result of reduction which is performed for a special classical mechanical system. The third term of the equation (4), which resembles the Yang-Mills force acting on a coulor charged particle, is related to the Coriolis forces for the mechanical system considered in [20] . The last term, in their interpretation, is the covariant derivative of the centrifugal potential (or the derivative of the vertical component of the kinetic energy). We see that in our equation this term may be associated with a force related to the special interaction of the particle with the scalar field γ κσ .
Making use of the method from [21] , we obtain the vertical Wong's equation, the equation for the internal momentum, or the internal charge: The obtained equation (5) is similar to the corresponding equation from [21] . However our equation has an additionalQ * -dependent term, which is the third term of the equation. This equation describes the transportation of the colour charge over the wordline of the particle. In some mechanical systems, a similar equation represents the motion of the angular momentum.
Principal bundle coordinates in Yang-Mills
In Yang-Mills theory, the original evolution of the dynamical system is considered for the function space of connections that are defined in the principal fiber bundle, or equivalently, on the function space of the gauge fields. The gauge transformations form a group which acts on this space. The reduced evolution is given on the orbit space of the group action. In order to apply the geometric approach, developed in [22] [23] [24] , to the study of the dynamical system defined on the space of connections, one must impose additional functional restrictions both on connections and the gauge group [25] [26] [27] [28] [29] . We assume that points of a manifold are the irreducible connections in the principal fiber bundle P(M G) (in Sobolev class H , > 3). Also, for the transformation group , we use the quotient group of the gauge transformation group by its center. Moreover, we assume that this group is the gauge group of time-independent transformations: 4 As in the finite-dimensional case, the local evolution on the orbit space corresponds to the evolution given on the surface defined by this gauge. It is known that in the case of time-independent gauge transformation, the Hamiltonian of the pure Yang-Mills theory, which is used in the Schrödinger functional approach [30, 31] , has the following form:
where
is the Cartan-Killing metric on the group G, µ 2 = 2 0 , and κ is a real positive parameter. It follows that for the quadratic part of the Hamiltonian, (β ) one can use the flat metric G (α ) (β ) = α β δ δ 3 (x−x ) Notice that in some cases, the employment of the flat metric may lead to divergences. In these cases one must regularize the flat metric, i.e. convert it into a Riemannian metric of a special form, just as it was done in [24] . In the formulae given above, we have used the extended notation for the indices from [32] . With this notation, one can easily generalize the formulae obtained in the finitedimensional case to the corresponding formulae of the field theories. Thus, in our problem, we have a flat Riemannian metric
which is given on the original manifold of the gauge potentials. All the transformations, that have been made in the finitedimensional case, can also be performed in the function space of the gauge fields. By using one of these transformations, i.e. the corresponding gauge transformation, we restrict the Killing vectors K (α ) , defined on as
(here ∂ (x) is a partial derivative with respect to ), to the gauge surface Σ. 5 The Killing vectors are used for definition of the orbit metric
That is,
Another representation for the metric γ is
An "inverse matrix" γ (α )(µ ) to the matrix γ (µ )(ν ) can be defined by the following equation:
Taking the sum over the repeated generalized index (ν ), 5 On the surface Σ, K (µ ) (α ) depends on A * .
i.e. taking an ordinary sum over ν and the integral with respect to y, we arrive at
is the Green function of the operator (˜ ) µν . Of course, this implies a choice of the certain boundary conditions. We also recall that the Killing vector and the matrix γ 
Wong's equations for the gauge fields
In this section, we briefly consider the main steps that lead us to Wong's equations. Since the Riemannian metric on the original manifold of the gauge fields is flat, we first rewrite the equation (4), assuming that in the finitedimensional case the metric is also flat, i.e. G AB = δ AB . By using the Killing relation for the flat metric, it is not difficult to find that K F σ ν EF = 0. This relation allows us to get rid of the projector N in the equation (4), and the following equation results: 
Notice that it is possible to combine the second, fifth and sixth terms at the right hand side of eq. (7). These terms can be rewritten to give 
Notice that this expression is equal to an analogous expression for the Christoffel symbol obtained in [33] .
The last term of eq. (6), as can be easily shown, has the following equivalent representation:
In order to obtain Wong's equations for the gauge fields, one needs to replace the terms standing in equations (7), (8) and (9) by the appropriate functional expressions, taken from gauge field theory. This means that the indices of the variables in the finite-dimensional equations are now regarded as a compact notation of the corresponding extended indices:
Then the time derivative of the basic variable Q * B ( ) corresponds to be following:
Also it is easy to see, for example, that the partial derivatives of Killing vectors in a finite-dimensional case, i.e.
can be associated with the functional derivatives of K ( ) (α ) with respect to A (β ) :
Making use of the functional expression for K C αB and taking the sum over the repeated generalized indices, the functional representation for the following product K B σ K E αB is given by :
In all other cases, the replacements are made in a similar way. Details of some of these calculations are considered in the Appendix. Only the result of our calculation, for the horizontal Wong's equation is presented below :
where the "F − terms corresponds to the terms of eq. (7). They are linear in and explicitly given as
The vertical Wong's equation is
Concluding remarks
In the present work, we have obtained Wong's equations for a pure Yang-Mills theory. First we examined a similar problem in a finite-dimensional case, using for this purpose a special dynamical system with symmetry. The original Riemannian manifold, being the configuration space of our dynamical system, can be viewed as a total space of the principal fiber bundle. We have used an approach by which the description of the evolution on the orbit space is given in terms of the dependent variables. This choice corresponds to the case of the "unresolved gauges" in the Yang-Mills gauge theory, and this implies that we can not find the local coordinates in explicit form on the gauge surfaces.
Using the bundle coordinates on the original manifold, we have derived Wong's equations, whose solutions determine the geodesic motion in the original Riemannian manifold. Previously, the general form of these equation were not known. The fact that these equations are closely related to the reduction problems in the dynamical systems with a symmetry allows one to use them to obtain analogous equations in a variety of dynamical systems with similar behavior under reduction. In particular, it is possible to use them for derivation of Wong's equations in Yang-Mills theory. Here we get rather complicated nonlocal integrodifferential equations.
If one starts the derivation of Wong's equations by considering the process of the reduction directly in a pure Yang-Mills dynamical system (that is not using the finitedimensional model system), then the same equation is obtained. The finite-dimensional model, used in our derivation, helps us to reveal the structure of these complicated equations. We see that the horizontal Wong's equation, which is used for the description of dynamics for the gauge-invariant variable, contains the dependence on the vertical variables that are related to the motion in the group space.
Equating the vertical variables of this equation to zero, and performing the reduction to the zero-momentum level, results in an equation which describes the geodesic motion on the gauge orbit space. An explicit form of this equation was not known previously. The equation is of interest in the gauge theories, since it may be used for the study of inner gauge invariant dynamics. Note that for this to occur, it is necessary to take into account the force that comes from the potential term of the original Hamiltonian. Thus, such additional forces as an analog of the Lorentz force and the force that comes from the orbit space metric, do not directly participate in the motion of the gaugeinvariant variables in this mode. But in the case of the reduction onto the non-zero momentum level, the reduced motion on the orbit space will be determined, of course, with the participation of these additional forces. Notice that the forces, standing in our equations, have an internal origin which were formed from the original metric and the Killing vectors that represent the symmetry of the original Hamiltonian. This is the main feature of Wong's equations which were obtained in the present paper by means of the methods developed in the reduction theory of dynamical systems. The problem that we have not considered in the paper (we leave it for further study) deals with obtaining the equations of motion for spinning particles in the reduction. For its solutions in the finite-dimensional case, we need to introduce additional Grassmannian variables associated with the spin degrees of freedom. It also requires that the initial Hamiltonian would be invariant with respect to an appropriate supersymmetry group which should act in the original supermanifold. In the article [34] , it was discussed how to choose a special Kaluza-Klein metric on a supermanifold in order to get the necessary equations of motion for the charged spinning particle in a background of gravitational and Yang-Mills fields. Based on this work, one can come to the reduction problem for dynamical systems defined on supermanifolds. Then, it presumably will also be possible to extend the reduction problem on the infinite dimensional dynamical systems with fermions. It is worth noting, that if one takes the scalar curvature as an original Lagrangian in the standard Kaluza-Klein theory, then in the reduced Lagrangian may be the terms that are used for the description of the fermions [35] . At present it is not clear if it is possible to obtain a similar results in the Marsden-Weinstein reduction theory, which is used in the particle mechanics. Perhaps, in newly proposed methods for derivation of the reduced equations and Wong's equations [36] [37] [38] [39] , these and other issues will be resolved.
Appendix
Our Wong's equations for the Yang-Mills theory are obtained by making use of the finite-dimensional equations (6) and (5). Let us consider the " H Γ-terms" of Wong's equations (6) 
we find the necessary representation of this term in gauge theory:
Multiplying this expression byȦ * σ (y )Ȧ (z ) and taking a "generalized sum" over the repeated indices, that is, we will have 
Here we have taken into account the fact that the main variable Q * ( ) of Wong's equations depends on the evolution parameter . Therefore, we must replace A * (y) by A * (y ) in our final formulas. Now consider the "F-terms" of the horizontal Wong's equation. In the finite-dimensional equation (6) 
